Abstract. The evaluation of quantum corrections in the theory of the electroweak and strong interactions via higherorder Feynman diagrams requires complicated and laborious calculations, which however can be structured in a strictly algorithmic way. These calculations are ideally suited for the application of computer algebra systems, and computer algebra has proven to be a very valuable tool in this field already over several decades. It is sketched how computer algebra is presently applied in evaluating the predictions of the electroweak theory with high precision, and some recent results obtained in this way are summarized.
INTRODUCTION
The electroweak and strong interactions of elementary particles are very successfully described by quantized gauge field theories. The quantized nature of these theories manifests itself via corrections beyond the lowest order in the perturbative expansion, which is based on Feynman diagrams. The evaluation of higher-order Feynman diagrams (which are called loop diagrams) is a technically very complicated but on the other hand algorithmic procedure. The development of computer-algebra systems was boosted by the demand for this kind of applications in particle physics, and Schoonschip (?) was one of the first implementations of a powerful computer-algebra program. Further examples of computer-algebra systems that have their roots in particle physics are Reduce (?), Macsyma (?), Mathematica (?) , and FORM (?) .
Computer-algebra systems allow to perform symbolic manipulations and algebraic calculations without roundoff errors. They are equipped with a number of built-in algorithms which provide the basis for the user to implement his/her own algorithms for handling specific problems. Present-day computer-algebra systems furthermore possess capabilities for communicating with external programs, e.g. with routines for numerical evaluation, text processing and graphics, or with other computer-algebra programs.
Examples of computer-algebra systems being widely used at present in high-energy theory are Mathematica (?), Maple (?) and FORM (?) . Mathematica and Maple are general-purpose programs containing a large number of built-in functions (and many additional software packages are available). These programs offer capabilities for both symbolic and numerical computations, support graphical display, and possess user-friendly interactive platforms. The application of these systems to problems in high-energy physics involving expressions with a huge number of terms can be limited by the computing speed or by memory problems. The latter applies in particular to non-local operations, like e.g. factorization, which require to have all terms of an expression available within the physical memory of the computer. FORM, on the other hand, is a program that was specifically optimized for handling very large expressions. It is less user-friendly than Mathematica and Maple, containing much fewer built-in operations and allowing only non-interactive execution. For recent developments concerning the parallelization of FORM, see Ref. (?) .
PERTURBATIVE EVALUATION OF GAUGE THEORIES WITH COMPUTER-ALGEBRAIC METHODS
The concept of treating interactions as a perturbation to a free field theory and performing an expansion in the coupling constants leads to a description of scattering processes in terms of Feynman diagrams. The lowestorder prediction, corresponding to the classical limit, for a process with a certain number of external particles (e.g. a 2 → 2 scattering process) is obtained from the sum of the connected diagrams containing the lowest possible power of the coupling constants (which enter via the interaction vertices). These are in general tree-level diagrams. In higher-order diagrams additional interaction vertices give rise to closed loops of propagators, for which an integration over the internal momenta has to be performed.
The prediction for a scattering process of certain fields, assigned to the external legs, and a specified number of loops can be obtained via an algorithmic procedure. In a first step, all topologically different diagrams (for which in renormalizable theories only 3-point and 4-point interaction vertices are possible) have to be generated. Inserting the fields of the model under consideration into the topologies in all possible ways leads to the Feynman diagrams. The Feynman rules translate these graphical representations into mathematical expressions.
Since the loop integrals in general lead to divergences, the expressions need to be regularized (i.e. made mathematically meaningful). In a renormalizable theory the divergences can be absorbed into a redefinition of the parameters of the theory. The renormalization is furthermore necessary in order to fix the physical meaning of the parameters order by order.
The evaluation of the Feynman amplitudes involves a treatment of the Lorentz structure of the amplitude, calculation of Dirac traces etc. At the one-loop level it is possible to reduce all tensor integrals to a set of standard scalar integrals, which can be expressed in terms of known analytic functions. As a consequence, with the existing techniques a wide class of processes with up to four external legs can be evaluated at the one-loop order in massive gauge theories (for a discussion of the technical problems occurring in one-loop processes with six external legs, see e.g. Ref. (?) ).
In contrast to the one-loop case, no general algorithm exists so far for the evaluation of two-loop corrections in the electroweak theory. The main obstacle in two-loop calculations in massive gauge theories is the complicated structure of the two-loop integrals, which makes both the tensor integral reduction and the evaluation of scalar integrals very difficult. In general the occurring integrals are not expressible in terms of polylogarithmic functions. For the evaluation of some types of integrals that do not permit an analytic solution numerical methods and expansions in their kinematical variables have been developed.
Applying the appropriate on-shell conditions to the external legs one obtains the S-matrix element from the sum of all contributing Feynman amplitudes. Squaring it and performing the phase space integrations one finally arrives at predictions for cross sections and life times.
Computer-algebraic methods can facilitate most of the above-mentioned steps. Besides benefits from automation, a computer-algebraic treatment is also useful for verifying the correctness of the different steps of a certain calculation. In particular, results obtained at the algebraic level (before inserting specific numerical values for the parameters) are well suited for highly non-trivial checks, e.g. with respect to their UV-and IR-finiteness, gaugeparameter independence, and the validity of SlavnovTaylor identities. As an example, in Ref.
(?) a SlavnovTaylor for the two-loop Z-boson self-energy in the electroweak Standard Model (SM) has been verified by showing that the results of about 4000 Feynman diagrams add up to zero algebraically.
As indicated by the above example, powerful computer-algebraic tools are very useful for calculations (in particular of higher-order corrections) in the SM, since the large number of different fields in the SM gives rise to a large number of contributing Feynman diagrams (at the one-loop level typically O(10 2 ), at the two-loop level O(10 3 )), and the massiveness of the fields makes the evaluation of the loop diagrams very complicated in general. The technical complications are even higher in extensions of the SM. In the Minimal Supersymmetric Standard Model (MSSM) the duplication of the number of fields compared to the SM leads to a plethora of possible interaction vertices and consequently to a large increase in the number of diagrams contributing at a certain order. In QCD, on the other hand, computer-algebraic tools are particularly valuable for multi-loop applications. In Ref.
(?), for instance, the four-loop β function of QCD has been calculated. This required the computation of about 50000 diagrams, showing clearly the need for a high degree of automation. Similarly, for tree-level processes with many particles in the final state thousands of diagrams can contribute and algebraic methods can be useful for obtaining compact and numerically efficient representations, see e.g. Ref.
(?).
Examples of computer-algebra based collections of program packages presently used for higher-order calculations in the electroweak theory and QCD are (where the different programs in each collection mostly use common syntax and can be linked together) FeynArts, FeynCalc, FormCalc and TwoCalc are written in Mathematica (FormCalc is partially written in FORM ). FeynArts is a program for generating all Feynman amplitudes contributing to a certain process to a given order in Mathematica format and for drawing the corresponding Feynman diagrams. As a feature of particular importance for higher-order calculations in the electroweak theory, FeynArts generates not only the unrenormalized diagrams at a given order but also the counterterm contributions at this order and the counterterm diagrams needed for the subloop renormalization. The model files for the electroweak SM (including the Feynman rules for the background-field formulation of the SM (?)) and QCD are predefined in FeynArts. Recently also the model file for the MSSM has been completed (?). In applications to other models, e.g. chiral perturbation theory (?), the appropriate model file has to be provided by the user. This was also the case in previous applications in the two Higgs-doublet model (?) and the MSSM (?, ?, ?, ?).
FeynCalc and FormCalc are programs (using the FeynArts syntax) for algebraically evaluating one-loop diagrams in the electroweak theory and QCD with up to four external legs in a highly automatized way. FormCalc internally uses an interface to FORM, which is used for the memory-and time-intensive parts of the calculation. FormCalc can directly be linked to LoopTools, which contains routines for the numerical evaluation of scalar one-loop integrals and one-loop tensor coefficients. LoopTools is based on the FF (?) package and provides a Fortran and a C++ library.
As mentioned above, much less tools are available for two-loop calculations in massive gauge theories compared to the one-loop case. The program TwoCalc is based on an algorithm for the tensor reduction of general two-loop 2-point functions, which extends the algorithm for the tensor reduction of one-loop integrals (?). TwoCalc can be used for an automatic reduction of Feynman amplitudes for two-loop self-energies with arbitrary masses, external momenta, and gauge parameters to a set of standard scalar integrals. It can directly be linked to the program s2lse, which is written in C++ and performs the evaluation of the scalar two-loop 2-point integrals by means of one-dimensional integral representations in terms of elementary functions, which allow a fast numerical evaluation with high precision. 
The Fortran program QGRAF is an efficient generator for Feynman diagrams. As output the diagrams are encoded in a symbolic notation. Being optimized for high speed, QGRAF is particularly useful for applications involving a very large number (i.e. O(10 4 )) of diagrams. Within GEFICOM, the evaluation of the diagrams proceeds by performing expansions in their kinematical variables. The resulting integrals are then computed with MINCER and MATAD. The program MIN-CER performs the computation of integrals up to threeloop order where all lines are massless and only one external momentum is non-zero. It makes in particular use of integration-by-parts methods (?). While its original version was written in Schoonschip, the present version of MINCER is realised in FORM. The FORM program MATAD was designed for the computation of vacuum integrals up to three-loop order which contain only one mass scale (i.e. their propagators are either massless or carry a common mass).
The C program DIANA is designed as a master program for higher-order calculations, i.e. it calls the necessary subprograms for a specific computation. It reads the output of QGRAF and can produce a graphical representation for the diagrams if the relevant topologies are pre-defined by the user. For the calculation of the diagrams FORM programs are called, e.g. the package ON-SHELL2 which can be used for the calculation of singlescale two-loop 2-point functions (diagrams with only one non-zero mass in the internal lines and the external momentum on the same mass shell).
xloops is a Maple package for calculating certain one-loop and two-loop diagrams in the electroweak SM, which is linked to C++ routines for numerical integration of loop integrals. The symbolic part of xloops is planned to be based in the future on GiNaC, which is a specifically designed framework written in C++.
EXAMPLES OF HIGHER-ORDER RESULTS IN THE SM AND THE MSSM
In the following some examples are sketched of recent higher-order results obtained with FeynArts, TwoCalc and s2lse in the electroweak SM and the MSSM. Within the SM, higher-order calculations are necessary for the comparison of the theory predictions with the experimental results for electroweak precision observables like M W , sin 2 θ eff etc. which have meanwhile reached an accuracy of better than 1 × 10 −3 (?). The precision tests of the SM allow in particular to set constraints on the mass of the Higgs boson, which is the last missing ingredient of the SM and plays a crucial role for a consistent description of massive particles.
In Ref.
(?) the currently most accurate prediction for the W-boson mass, M W , within the SM has been obtained. It contains it particular the complete fermionic contributions at the two-loop level, which are treated exactly, i.e. without an expansion in the top-quark or the Higgs-boson mass. The result for M W is shown in Fig. 1 as a By comparing the SM predictions for the precision observables with those of extended models, it can be investigated whether the data allow a distinction between different kinds of possible models. In Fig. 2 the predictions for M W in the SM and the MSSM are shown as a function of m t . The MSSM prediction contains the dominant SUSY contributions of O(αα s ) and O(α 2 ) to the ρ parameter (?, ?). The allowed region in the SM corresponds to varying M H in the interval 114 GeV ≤ M H ≤ 400 GeV, while in the region of the MSSM prediction the SUSY parameters are varied, taking into account the constraints from direct searches for SUSY particles. As indicated in the figure, the predictions in the SM and the MSSM give rise to two bands with only a relatively small overlap region. This region corresponds to the SM with a light Higgs, M H < ∼ 130 GeV, and to the MSSM with heavy superpartners, whose virtual contributions decouple from the electroweak precision observables.
The predictions for M W in the SM and the MSSM are confronted in Fig. 2 with the current experimental accuracies of M W and m t (LEP2/Tevatron, outermost ellipse) and with the prospective accuracies at the LHC and a future Linear Collider (LHC/LC) and at a high-luminosity Linear Collider running in a low-energy mode on the Zboson resonance and the W-pair threshold (GigaZ). As can be read off from the figure, the data on M W and m t presently show a slight preference for the MSSM over the SM, which however statistically is not very significant. The figure shows that the next generation of colliders, in particular a Linear Collider in the GigaZ mode, promises an enormous improvement in the experimental accuracies of M W and m t (and furthermore also for sin 2 θ eff ) which will allow to test the electroweak theory with unprecedented sensitivity (?). 
CONCLUSIONS AND OUTLOOK
The development of powerful computer-algebra systems was triggered by applications in high-energy physics. Computer-algebra tools have extensively been used in this field already for several decades, and many of todays calculations would not have been feasible without computer algebra. A brief overview of computeralgebraic methods for the perturbative evaluation of gauge theories has been given, and some examples have been discussed of recent higher-order results obtained in the electroweak Standard Model and its Minimal Supersymmetric extension.
The use of modern computer-algebra programs goes beyond their application as tools for certain steps of the calculations. As indicated by the above examples of different collections of programs for precision calculations within the theory of the electroweak and strong inter- actions, an efficient communication of computer-algebra systems with other program components is of particular importance. These external programs can be packages for numerical evaluations, text processing tools, data bases, expert systems, but also other computer-algebra programs being particularly well suited for certain sub-parts of the problem. In order to facilitate this kind of communication, the need for a certain degree of standardization for the integration of program parts and the data transfer between different systems will become more pronounced in the future.
Accordingly, future improvements of soft-and hardware promise a further extension of the applicability of computer-algebra systems in two different ways. On the one hand they could allow highly sophisticated calculations which go beyond the scope of present capabilities. On the other hand computer-algebra systems could more and more become parts of general problem-solving environments, where different components are integrated in such a way that the different parts of calculations and the tasks of text processing, graphical representation etc. are handled in the most efficient way.
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